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degree of insensitivitycan be achieved with a scan velocity of only
4.61 cm/s. Furthermore, the UM SD design process allows greater
� exibility by generating a shaper that produces any desired scan
velocity, or, conversely, any desired level of robustness.

The SD shapercontainsnegativeimpulses, so it has the possibility
of exciting the higher modes of the spacecraft. If, after the domi-
nant low mode has been eliminated by the SD shaper, the higher
modes become problematic, then the above design procedure must
be augmented with constraints that limit the high-mode vibration.
Techniques for doing this are readily available in the literature.15,17

V. Conclusions
It has been shown that input shaping can be used to reduce vibra-

tion during constant-velocityscanning with � exible systems. How-
ever, the input shapingprocess increasesthe cycle time and shortens
the regions over which the system travels at constant velocity. A
procedure was presented to overcome these drawbacks by modify-
ing the unshaped command before input shaping is implemented.
Given cycle-time constraints, the command modi� cation increases
the scan velocity. Because this increase is proportional to the du-
ration of the input shaper, a short-duration shaper is necessary to
produce a low scan velocity. The duration of a shaper is depen-
dent on its robustness; therefore, increasing the robustness of the
input shaping process requires an increase in scan velocity. An in-
put shaperdesign procedurewas developedto optimally balance the
trade-off between robustness and scan velocity.
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Nomenclature
d = gyro drift
N 0 = proportionalnavigation gain
nC = missile’s commanded acceleration
nM = missile’s acceleration
nT = target’s acceleration
Ra = line-of-sight length
t f = con� ict duration
VC = closing velocity
VM = missile’s velocity
VT = target’s velocity
c M = missile’s path angle
c T = target’s path angle
k = line-of-sightangle
s = missile’s time constant

I. Introduction

P ERFORMANCE analysisof guidedmissiles involvesuncertain
events such as the engagement duration, the type of evasive

maneuvers performed by the target, or the end-game environmental
conditions.Under certain simplifyingassumptions, the analysis can
be performed analytically,1 but more frequently, numerical Monte
Carlo simulations are used for the performance analysis. A Monte
Carlo simulation is a statistical sampling experiment on a model of
the system. Uncertain parameters are treated as stochasticvariables
and are drawn from a random number generator based on assumed
distributions.Each simulationrun is preformedwith a set of sampled
variables,and the performanceevaluationis based on postanalyzing
a large number of simulations.

Recently, Barmish and Lagoa2 investigated the problem of � nd-
ing probability distributions that yield worst-case performance for
general systems. Under some fairly mild assumptions, namely,
1) zero mean random variables (RV), 2) known support intervals,
that is, ranges of change for the various RV, and 3) the probability
density functions (PDF) are symmetrical and nonincreasing with
respect to the absolute value of the RV, the worst-case distributions
can be represented by truncated uniform distributions. A truncated
uniform distribution is a uniform (rectangular) distribution de� ned
over a subinterval of the original support interval. This is a very
important result because it transforms the problem from in� nite- to
� nite-dimensional space. Thus, for each random variable, a single
parameter,namely, the widthof its associatedsubinterval,character-
izes the worst-casedistribution.These parametersare to be searched
for, to evaluate the worst-case performance of the system.

The purpose of the present research is to apply this result to the
� eld of missile guidance. As already said, several uncertain param-
eters are always involved in the performance evaluation of guided
missiles. To search for the worst-case distributions seems to be a
viable approach, as opposed to arbitrarily assuming � xed PDF. To
this end we focus here on proportionally guided missiles with the
engagement duration as a single stochastic variable. Reference 3
extends the results to include stochastic evasive maneuvers in ad-
dition to the end-game duration, an extension that requires more
advanced numerical optimization techniques. However, even in the
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Fig. 1 Problem geometry.

single-parameter case, the solution reveals several interesting and
insightful properties that are the main contributionsof this Note.

This Note is organized as follows. In Sec. II, the problem is for-
mulated as a � nite-dimensional optimization problem. In Sec. III,
linearized trajectories are assumed and the problem is analytically
solved. Section IV presents the results of a nonlinear Monte Carlo
simulation based on which the worst-case distributions are numer-
ically found. An interesting property that enables determining the
worst case by a single run is presented. Section V summarizes the
results and draws some conclusionsand recommendationsfor guid-
ance engineers.

II. Problem Formulation
Consider a planar constant-speed end-game pursuit problem as

shown in Fig. 1. Assume a proportionally guided missile with a
single time lag; the equations of motion are as follows1:

ÇRa = VT cos( c T ¡ k ) ¡ VM cos( c M ¡ k ) = ¡ VC

Çk = [VT sin( c T ¡ k ) ¡ VM sin( c M ¡ k )]/ Ra

Çc T = nT / VT , ÇnM = (nC ¡ nM )/ s

Çc M = nM cos( c M ¡ k )/ VM , nC = N 0 VC
Çk (1)

We assume that the initial distance Ra (0) (and, hence, the con� ict
duration t f ) is a stochasticvariablefor which the minimal and maxi-
mal values are known.We also assume the assumptionsstated in the
Introductionfor its unknown distributionfunction.We will consider
three different error sources: a constant target maneuver, an initial
heading error (HE), and an error in the line-of-sight rate measure-
ment (gyro drift). The missile’s acceleration is typically bounded.

The success of the guided missile is measured by the obtained
miss distance, which depends on the magnitude and type of the
error sources, and on the end-game duration. If the statisticaldistri-
bution of the con� ict duration were known, then for a given error
source, the expected miss distancecan be obtainedby averagingthe
resultingmiss. In general, not having this distribution,we search for
the worst case among the relevant truncated uniform distributions
parameterized by the width 2r of their support interval. Thus, the
problem becomes an optimization problem of � nding r ¤ such that

r ¤ = arg max
r

(E{miss}) (2)

where r is bounded by the difference R = (t f -max ¡ t f -min )/ 2. No-
tice that all distributions are symmetrical with respect to the same
average value l = (t f -max + t f -min)/ 2.

III. Linear Solution
Assume that the problem can be linearized around a nominal

collision course and that the missile acceleration is unbounded. If
the error source is a step nT in the target acceleration at t = 0, then
for a speci� c end-game duration t f the miss distance can be written
as follows1:

miss
nT ¢ s 2

N 0 = 3

=
1

2

t 2
f

s 2
exp ¡

t f

s
(3)

If t f is a random variable drawn from a truncated uniform distribu-
tion of width 2r , then we can evaluate the expectedmiss as follows:

E
miss

nT ¢ s 2
=

l + r

l ¡ r

1

2
x2e ¡ x ¢

1

2r
dx , x =

t f

s
(4)

Hence,

E(miss/ nT ¢ s 2 ) = e ¡ l {[( l 2 + r 2 + 2 l + 2)/ 2r] sinh(r )

¡ ( l + 1) cosh(r )} (5)

To � nd the worst-case distribution, we need to maximize Eq. (5)
with respect to r .

Thus, if r < R we obtain

@E miss/ nT ¢ s 2

@r
= e ¡ l l 2 + r 2 + 2l + 2

2r
cosh(r )

£ 2 l r 2 + l 2 + r 2 + 2 l + 2

2r 2
sinh(r )

r = r ¤

= 0 (6)

which is an implicit expression for r ¤ .
For a numerical example, assume that l = 4 s and R = 4 s , that

is, t f may vary between 0 and 8 s . We obtain from Eq. (6) that
r ¤ = 2.18 s , and the associated expected miss is 0.15nT s 2. Com-
paring this value with 0.12nT s 2, as obtained from Eq. (4) with a
uniform distribution over the entire interval [l ¡ R, l + R], we
conclude that the worst-case analysis yields an expected miss that
is 25% more than the naive approach.

A similar analysis can be performed for the HE, where instead of
Eq. (3) we have1

miss

HE ¢ VM s
N 0 = 3

=
1

2

t f

s
exp ¡

t f

s
1 ¡

t f

2 s
(7)

Carryingout the optimizationscheme(4–6), we obtain the following
expression for r ¤ :

@E miss/ HE ¢ s

@r
=

2
e2r 2

+
e ¡ l

2r 2
[( l 2 ¡ r 2 + 2 l r 2 ) cosh(r )

¡ ( l 2r + r 3 ) sinh(r )]
r = r ¤

= 0 (8)

For the third error source, assuming an error d (gyro drift) in the
line-of sight rate measurement, we then have3

miss

dVC s 2
=

1

2

t f

s

3

exp ¡
t f

s
(9)

and the implicit expression for r ¤ becomes

@E miss/ dVC ¢ s 2

@r
=

e ¡ l

2r 2
[(3r l 2 + r 3 + 6 l r + 3l r 3

+ r l 3 + 6r ) cosh(r ) ¡ (6 + 3r 2 l 2 + 3r 2 l + 3l 2

+ 6 l + r 4 + l 3 + 3r 2 ) sinh(r )]
r = r ¤

= 0 (10)

For other (integer) values of N 0 , the procedure is basically the same,
and analytical expressionscan still be obtained (see Ref. 3 for more
examples).

IV. Nonlinear Monte Carlo Simulations
In more realistic scenarios,the nonlinear terms in Eqs. (1) can not

be linearized, and the missile acceleration is bounded. To evaluate
the miss distance, even for a deterministic case, numerical simula-
tions are required.When theengagementparameters,in ourcase, the
end-gameduration,are stochastic,Monte Carlo simulationsare typ-
ically used, with assumed statistical distributions for the unknown
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parameters. According to Ref. 3, to search for the worst-case per-
formance, we have to go through an iterative optimization process
where each iteration is related to a particular 2r-width uniform dis-
tribution. Each iteration, therefore, involves a set of n Monte Carlo
runs. Naturally, reducing the required number of runs is of great
practical importance.

For a numerical example we consider a head-on con� ict,
with the following parameters: N 0 = 3, s = 0.5 s, VM = 700 m/s,
VT = 300 m/s, and VC = 1000 m/s. We further assume a constant
target maneuver at t = 0 of nT = 50 m/s2. The con� ict duration is
our only RV, and we will continue with the assumption that l = 4 s
and R = 4s , that is, t f varies between 0 and 4 s with a mean value
of 2 s, corresponding to Ra(0) variations between 0 and 4 km.

We consider the case with unbounded missile acceleration. Re-
call that for this case the linear analysisyieldedr ¤ = 2.18s . Figure 2
presents the average miss distance for a different number of runs as
a function of r , the width of the underlying uniform distribution.
Notice that the worst-case r value can be identi� ed (approximately
2.2) even for the case of n = 50 runs, although the miss distance
has not converged yet. This phenomenon repeats itself for other er-
ror sources3 and can be useful when more variables are considered
and when optimization techniques that require many function eval-
uations are employed. In our one-dimensional problem, the worst
case can be obtained by a simple search; hence, the amount of runs
is of less signi� cance.

Figure 3 presents the normalized miss distance for different
bounds on the missile actual acceleration. A very interesting phe-

Fig. 2 Monte Carlo results for different number of runs.

Fig. 3 Monte Carlo results for various acceleration bounds.

Fig. 4 Miss distance function for various acceleration bounds.

nomenon is revealed. As the bound on the missile accelerationgets
tighter, the truncated uniform distribution shrinks into a delta func-
tion of zero width. Notice that these more limited-missile cases are
realistic in terms of missile-to-target acceleration ratios. Thus, the
worst-case miss is obtained by a single run with the mean value for
the con� ict duration.

To understand this result, we consider the results of determinis-
tic simulations in terms of the obtained miss distance as a function
of the con� ict duration as shown in Fig. 4. This function becomes
concave as we lower the bound on the missile acceleration. The
described phenomenon is a result of the following theorem for con-
cave functions.

Theorem: Let f be a concave function on [ l ¡ R, l + R], then

E{ f (x )}=
l + r

l ¡ r

f (x ) ¢
1
2r

dx · f ( l ), 8 r · R (11)

Proof: By concavity we have

f [ a x + (1 ¡ a )x 0 ] ¸ a f (x ) + (1 ¡ a ) f (x 0 ), 8 0 < a < 1

x, x 0 2 domain of f (12)

Let x = l ¡ h, x 0 = l + h, and a = 0.5, then

f ( l ) ¸ 1
2
[ f ( l ¡ h) + f ( l + h)] (13)

By integrating both sides, we obtain after some simple manipula-
tions

1
r

r

0

f ( l ) dh ¸
1
r

r

0

1
2

[ f ( l ¡ h) + f ( l + h)] dh

=
l + r

l ¡ r

f (y)
1

2r
dy (14)

Becausethe left-handside is equal to f ( l ), the inequalityofEq. (11)
is established.

We conclude that whenever the function f , the miss distance in
our problem, is concave, the evaluation at the mean provides the
worst-case performance in the earlier-de�ned statistical sense.

Remark: Reference 3 establishes a similar theorem for convex
functions. It is shown that if convexity is valid over the uncertainty
interval, then we get r ¤ = R for the worst-case distribution.3

V. Conclusions
Analytical and numerical methods to assess worst-case perfor-

mance of proportionally guided missiles were studied. According
to a recently published theory of Ref. 2, the worst-case proba-
bility distribution, that which yields the minimal “probability of
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performance” satisfaction, is characterized as a truncated uniform
distribution.This result was applied to the performance analysis of
engagementdurationand of several error sources.Linear theory en-
ables the formulation of analytical solutions to the problem. When
numericalMonte Carlo simulationsare used to search for the worst-
case distribution,a limited number of simulation runs typically are
neededfor the search.Moreover,when themiss distanceis a concave
function of the con� ict duration on a certain interval, the worst-
case miss distance can be determined from a singe Monte Carlo
trial.
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Equations for Approximate Solutions
Using Variational Calculus
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Introduction

T O develop differential calculus, neighboringpoints are used to
derive the formulas for the derivatives of particular functions.

Once these formulasare known, differentiationof complicatedfunc-
tions can be performeddirectly.There are many problems involving
neighboring curves, for example, applications of regular perturba-
tion theory, where Taylor series expansions are used to derive the
formulas for variations of particular functionals.However, the step
to taking variations has not been made. The purpose of this Note is
to call attention to variational calculus.1 Although the concepts of
this Note apply to all types of equations (algebraic, differential, in-
tegral, etc.) and all types of problems (initial value, boundaryvalue,
etc.), the discussion is limited to initial-value problems involving
nonlinear ordinary differential equations.

There are many avenues to the creation of an approximate ana-
lytical solution. Consider a single differential equation. 1) Approx-
imations can be introduced into the differential equation and small
terms simply discarded. If the resulting solution is accurate enough,
work stops. If not, somethingmore is needed.2) Another possibility
is to use error compensation,2,3 that is, to replace the small terms in
method 1 by a small constant to compensate for the errors. Then,
by the using of the methods of regular perturbation theory,4 a cor-
rection term can be found for the so-called zeroth-order solution in
method 1. By the adjusting of the size of the small constant, the
magnitude of the correctioncan be changed so that the approximate
solution better � ts the exact solution. 3) Another method is to � nd
a small parameter in the differential equation and to use regular
perturbation theory. This method has been used to obtain an ap-
proximate optimal control for the aeroassisted orbital plane change
problem.5 4) Still another method is to assume that the solution lies
in the neighborhoodof a nominal solution.This is the approach that
is used to obtain the Clohessy–Wiltshire equations for studying the

Received 9 September 1999; revision received 3 April 2000; accepted
for publication 4 May 2000. Copyright c° 2000 by David G. Hull. Pub-
lished by the American Institute of Aeronautics and Astronautics, Inc., with
permission.

¤ M. J. Thompson Regents Professor, Department of Aerospace Engineer-
ing and Engineering Mechanics. Associate Fellow AIAA.

motion of a mass relative to an orbiting mass.6 Actually, methods
3 and 4 are similar in form; in method 3, the perturbed solution is
causedby a perturbedparameter,whereasin method4, theperturbed
solution is caused by a perturbed initial condition.

Regardless of the method used, the standard procedure is to use
Taylor series expansions to obtain the equations to be solved for
the approximate solution. However, the expansion approach can be
very involved, and often it is dif� cult to ensure that the resulting
equationsare correct.The messages of this Note are that the expan-
sion approach and the variationalapproach1 are equivalent, that the
variational approach is simpler, and that it is helpful to have more
than one way to derive the equations for the approximate solution
to be sure they are correct.

In what follows, the expansion approach is reviewed brie� y, the
variationalapproachis discussed,anda satelliteprobleminvolvinga
small parameteris discussedto comparethe two approaches.Finally,
the Clohessy–Wiltshire equations are derived using variations.

Differential Equation and Initial Conditions
A problem in the realm of regular perturbationtheory is to obtain

an approximateanalytical solution of a nonlinearordinary differen-
tial equation having the form

Çx = f (x) + e g(x) (1)

where x is an n £ 1 vector, the dot denotes a derivativewith respect
to time, and the scalar e denotes a small parameter. The solution of
the differential equation must satisfy the initial conditions

ti = tis , xi = xis (2)

where the subscript s denotes a speci� c value.
It is assumed that a solution of the differential equation subject

to the initial conditions exists. The functional form of the solution
is given by

x = x(t, e , ti , xi ) (3)

For the case where the initial conditions are not to be changed, the
solution can be rewritten in the form

x = x(t, e ) (4)

Taylor Series Approach
Expanding Eq. (4) in terms of the small parameter e leads to

x = x(t , 0) + xe (t , 0)e + 1
2! x e e (t, 0)e 2 + ¢ ¢ ¢ (5)

where the subscript e denotes a partial derivative with respect to e .
Hence, the solution of Eq. (1) can be assumed to have the form

x = x0(t ) + x1(t )e + x2(t )e 2 + ¢ ¢ ¢ (6)

In practice, the Taylor series approach is to substitute Eq. (6) into
a particular differential equation and initial conditions, carry out
whatever mathematical operations and expansions are needed to
write theequationsin termsof powers of e , andequatethe coef� cient
of each power of e to zero to obtain the differential equations and
initial conditions for x0 , x1 , x2, . . . .

To illustrate the Taylor series approach, consider a satellite mov-
ing in the equatorial plane of an oblate spheroid Earth. The motion
of the satellite is governed by the equation7

r̈ ¡ h2 / r 3 = ¡ ( l / r 2)[1 + (R2 / r 2 )e ] (7)

where r is the radial distanceto the satellite,h is the constantangular
momentum of the satellite, R is the radius of the Earth, l is the
gravitational constant, and e = (3/ 2)J2 = 0.001624 is the � atness.
The initial conditions are given by

ti = tis , ri = ris , Çri = Çris (8)


